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We derive a family of inequalities involving different phase-space distributions of a quantum
state which have to be fulfilled by any classical state. The violation of these inequalities is a clear
signature of nonclassicality. Our approach combines the characterization of nonclassical effects
via negativities in phase-space distributions with inequality conditions usually being formulated for
moments of physical observables. Importantly, the obtained criteria certify nonclassicality even when
the involved phase-space distributions are non-negative. Moreover, we show how these inequalities
are related to correlation measurements. The strength of the derived conditions is demonstrated by
different examples, including squeezed states, lossy single-photon states, and Schro¨dinger cat states.
I. INTRODUCTION
Our present capabilities in the preparation and con-
trol of quantum systems is revolutionizing our way of
measuring, communicating, and computing. These sci-
entific and technological developments are based on the
fact that quantum systems posses some properties which
are impossible to describe with classical theories. Well-
known examples for such genuine quantum features of
the single-mode systems are photon anti-bunching [1–3],
sub-Poissonian photon-number distributions [4, 5], and
squeezing [6–10]. As such nonclassical features are a re-
course for quantum technologies, and it is crucial to have
efficient tools for their faithful detection and certification.
One possibility of identifying genuine quantum fea-
tures is using the framework of quasiprobability distri-
butions. In this way, the incompatibility of the stud-
ied quantum system with classical physics is indicated
through negativities in its quasiprobability distributions.
This concept has a long standing tradition in quantum
optics where negativities in the Glauber-Sudarshan P
function [11, 12], i.e., the state expansion in terms of a
statistical mixture of (classical) coherent states, forms
the very definition of nonclassicality [13, 14]. Other
types of widely used phase-space distributions such as the
Wigner W [15] and Husimi Q [16] functions are related
to the P function through a convolution with a Gaussian
kernel, forming the family of s-parametrized phase-space
distributions [17, 18].
Quasiprobability distributions are also remarkably suc-
cessful in other areas of modern quantum physics. They
are, for example, used in the context of entanglement
[19, 20], contextuality [21], nonlocality [22], or general
quantum coherence [23, 24]. Additionally, negativities
in quasiprobability distributions indicate quantum re-
sources for quantum information protocols [25–27].
Alternative approaches for the detection and certifi-
cation of genuine quantum characteristics are inequality
∗ martin.bohmann@ino.it
conditions involving expectation values of different ob-
servables. These include conditions based on the Cauchy-
Schwartz inequality [28], marginal distributions [29], un-
certainty relations [30], the matrix of moments approach
[31–34], and others [35, 36]. For a summary and compar-
ison of different conditions, see [37]. On the one hand,
such inequality conditions are in most cases easier to im-
plement as only a few measurements are needed, in con-
sequence, a full state reconstruction is not required. On
the other hand, they only provide a nonclassicality test
and are not sensitive towards all quantum features.
In this Letter, we provide an unified approach
which combines the certification of quantum correla-
tions through quasiprobability distributions and inequal-
ity conditions. In particular, we introduce a family of
nonclassicality inequality conditions for phase-space dis-
tribution functions. The present approach unifies the
certification of nonclassicality through the state’s phase-
space distributions and inequality conditions typically in-
volving expectation values of different observables. Our
inequality criteria relate different phase-space represen-
tations of the state to each other, and can verify non-
classicality even if the involved phase-space distributions
are smooth, non-negative functions, i.e., experimentally
accessible ones. Furthermore, we demonstrate how our
criteria can be implemented through correlation measure-
ments which are widely used in quantum-optical experi-
ments.
II. PHASE-SPACE DISTRIBUTION
INEQUALITIES
We start with the diagonal quantum state represen-
tation through the Glauber-Sudarshan P (β) distribution
in the coherent state basis [11, 12],
ρˆ =
∫
d2β P (β)|β〉〈β|. (1)
The P function belongs to a family of phase space qua-
sidistributions of the state that is typically characterized
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2by a real parameter s [17]. In general, any s-parametrized
phase-space function with s<1 can be expressed through
the normal-ordered expectation value
P (α; s) =
2
pi(1− s)
〈
: exp
(
− 2
1− s nˆ(α)
)
:
〉
, (2)
where nˆ(α) = Dˆ(α)aˆ†aˆDˆ(α)† is the displaced photon-
number operator, Dˆ(α) is the coherent displacement op-
erator, and : . . . : denotes the normal-order prescription;
cf., e.g., [38]. Using Eq. (1), we can write the expectation
value in Eq. (2) in terms of the P function,
P (α; s) =
ηs
pi
∫
d2γ e(−kηs|γ|
2)e(−(1−k)ηs|γ|
2)P (γ + α),
(3)
where we introduced the parameter ηs = 2/(1 − s),
changed the integration variable (γ = β−α), and split the
exponential function into two functions parametrized by
k ∈ (0, 1). Note that ηs is always positive and, therefore,
both exponential functions are decaying monotonically
with |γ|. This monotonicity allows one to apply Cheby-
shev’s integral inequality (see, e.g., [39]), which yields
P (α; s)
cl≥ ηs
pi
∫
d2γ exp
(−kηs|γ|2)P (γ + α)
×
∫
d2γ exp
(−(1− k)ηs|γ|2)P (γ + α). (4)
This condition is fulfilled for any quantum state which
can be expressed in terms of a non-negative (classical) P
(for detailed steps on the derivation, we refer to the Ap-
pendix A). Subsequently, this inequality can be written in
terms of different s-parametrized phase-space functions
as
P (α; s)− pi
(1− k)kηsP (α; sk)P (α; s(1−k))
cl≥ 0, (5)
with sk = 1− 2/(kηs) = 1− (1− s)/k. Interestingly, this
result relates different s-parametrized phase-space distri-
butions to each other and forms a nonclassicality test
through its violation. For coherent states, which rep-
resent the boundary between the sets of classical and
nonclassical states, the equality is attained. In addi-
tion, in order to certify nonclassicality, it is sufficient
to find one combination of the parameters s and k for
which this inequality is violated at least in one point α
of the phase space. Note that the involved phase-space
distributions are experimentally accessible, they can be
point-wise sampled via unbalanced homodyne detection
[40] or reconstructed using other measurement strategies
[41, 42].
To get a better understanding of the obtained result
[Eq. (5)], we consider the case of s = 0 and k = 1/2,
which yields
W (α)− 2piQ(α)2 cl≥ 0, (6)
where W (α) = P (α; 0) and Q(α) = P (α;−1) are the
Wigner and Husimi Q function, respectively. This ex-
pression is of particular importance as it relates the most
widely used phase-space distributions to each other. The
Wigner and Husimi Q functions are reconstructed rou-
tinely in quantum optics laboratories for various types
of quantum states [43–52]. In particular, Eq. (6) sets
a lower bound for the Wigner function of any classical
state in terms of the square of the corresponding Q func-
tion at any point in phase space. Therefore, it tells us
how much classical phase-space distributions can change
their values by changing the s parameter (this aspect will
be discussed in more detail below). Furthermore, we see
that the classicality condition in Eq. (6) is always violated
when W (α) < 0. This is not surprising as the negativ-
ities in the Wigner function by themselves are already
sufficient signatures of nonclassicality.
The inequality is, however, getting more interesting
when we consider quantum states which are nonclassi-
cal but possess non-negative Wigner functions, such as
squeezed states, which are nonclassical Gaussian states.
In these cases, this inequality provides the possibility to
certify nonclassicality despite the fact that all involved
phase-space distributions are non-negative.
III. CERTIFYING NONCLASSICAL STATES
We discuss two examples. First, we consider a single-
mode squeezed vacuum state, which is defined as |ξ〉 =
(cosh r)−1/2
∑∞
n=0(−eϕξ tanh r)n
√
(2n)!/(2nn!)|2n〉
with r = |ξ| and ϕξ = arg(ξ). Squeezed states are
known to have non-negative Gaussian Wigner functions;
see, e.g., [53]. However, they are nonclassical states
which allow for quantum enhanced applications, e.g., in
FIG. 1. The Wigner and Q function of a squeezed state
are shown (top) together with the left-hand side of Eq. (6)
(bottom). Negativities in the latter certify the nonclassicality
of the state.
3FIG. 2. The phase-space relation in Eq. (6) (solid line) and
the Wigner function (dashed line) of a lossy photon state are
plotted at the origin of phase-space (α = 0) as functions of
the loss parameter q. Negative values indicate nonclassicality.
quantum metrology [54] or quantum information [53].
In Fig. 1, the Wigner function, the Q function, and the
l.h.s. of inequality (6) are plotted for a squeezed state
with ξ = 0.3, corresponding to 2.7dB of squeezing. Both
the Wigner and Q function of the squeezed state are
non-negative, and we cannot directly infer nonclassical-
ity of the state from these phase-space distributions. In
contrast, when one evaluates the l.h.s. of Eq. (6), one
clearly sees negative values in Fig. 1. These negativities
imply a violation of the inequality (6) certifying the
nonclassicality of the squeezed state.
As a second example, we consider a lossy photon
state—a non-Gaussian state—, ρˆq = q|1〉〈1| + (1 −
q)|0〉〈0|, which is parametrized through the loss parame-
ter q ∈ [0, 1]. For q = 1, ρˆq is a pure single-photon state
and with decreasing q the loss influence is increasing. For
the lossy single-photon state with q > 0.5, it is known
that its Wigner function has a negativity at the origin of
the phase space [55], which directly certifies its nonclas-
sicality. In Fig. 2, we compare the value of the Wigner
function with the one of the l.h.s. of the condition (6)
at α = 0. The here derived phase-space inequality con-
dition is capable of identifying the nonclassicality of ρˆq
for any non-trivial q (q 6= 0). Hence, it verifies nonclas-
sicality even in the case of strong losses or low detection
efficiencies which makes it a robust and effective tool for
many experimental scenarios.
IV. RELATION TO CORRELATION
MEASUREMENTS
Our phase-space-distribution inequalities are closely
related to correlation measurements as depicted in Fig. 3.
For this purpose, we first recall that the s-parametrized
phase-space functions (2) can be directly sampled from
the zero-count probability by unbalanced homodyne de-
tection [40] as
P (α; s) =
2
pi(1− s) p(α, ηs), (7)
where p(α, ηs) is the probability to register zero photons
[38, 56] given by p(α, ηs) = 〈: exp[−ηsnˆ(α)]:〉, and ηs
is the detector efficiency. Physical values of ηs restrict
BS
FIG. 3. Schematics of the correlation measurement technique.
which phase-space distributions are measurable in this
manner. Therefore, measuring the zero-count probabil-
ity can at best (ηs=−1 = 1) allow for the sampling of the
Q function. In realistic settings with quantum efficien-
cies less than one, only phase-space functions which are
even smoother than the Q function, i.e., P (α; s< − 1),
are accessible from the zero-count probability. The ques-
tion arises if we can still certify nonclassicality from such
non-negative, smooth distributions.
With Eq. (7) at hand, we show how the correlation
measurement depicted in Fig. 3 can be used to directly
sample our phase-space distribution inequalities. The in-
put state (ρˆin) is displaced (Dˆ(α)), split at a beam split-
ter (BS), and then at both outputs the zero-count prob-
abilities are recorded. Taking into account the intensity
splitting ratio of the beam splitter (|t|2+|r|2 = 1), the
zero-count probability of the two detectors are given by
p1(α, η|r|2) and p2(α, η|t|2) where η is their detection ef-
ficiency. Furthermore, we can also consider p1,2(α, η),
which is the coincident zero-count probability. From this
consideration, we see that the zero-count covariance,
p1,2(α, η)− p1(α, η|r|2)p2(α, η|t|2), (8)
is in fact nothing else than the l.h.s. of our phase-space
distribution inequality (5) multiplied by pi(1− s)/2, with
s = 1− 2/η and k = |t|2. Therefore, such a simple corre-
lation measurement based on the zero-count probabilities
of two detectors provides an easily accessible experimen-
tal test of Eq. (5). Note also that such correlation con-
ditions are not altered by incoherent noise, such as dark-
counts or stray light [57, 58], which makes them robust
against experimental noise. One more question arises: is
it possible to certify nonclassicality through such corre-
lation measurements as the related phase-space distribu-
tions have always more Gaussian noise added than the Q
function?.
We address this question by studying the example of
a cat state, N (|ω〉+|−ω〉), where | ± ω〉 are coherent
states and N = [2(1+ exp(−2|ω|2))]1/2, which is sym-
metrically split (|t|2 = 1/2) and recorded with a quantum
efficiency of η = 0.5. This means that we can sample s-
parametrized phase-space distribution with s = −7 from
the p1 and p2, and one with s = −3 from the joint zero-
count probability p1,2. Using our inequality condition
(5), we clearly certify nonclassicality in terms of nega-
tive values violating the classicality condition; as seen in
Fig. 4. Therefore, we could show that the introduced
family of phase-space distribution inequalities is capable
of verifying nonclassicality even if the involved distribu-
4FIG. 4. Left-hand side of inequality (5) (s = −3 and k =
1/2) for a cat state with coherent amplitude ω = 0.7 sampled
form the correlation measurement depicted in Fig. 3.
tions are non-negative and very smooth (s < −1). Simple
zero-count correlation measurements are a feasible way
for their implementation in experiments.
This consideration can be extended to general mul-
tiplexing schemes [59–66], i.e., to the case in which
the input state is split into an N -mode output state
(N ≥ 2). By applying Chebyshev’s integral inequality
[39] N−1 times, one obtains the multimode generaliza-
tion of Eq. (5)
P (α; s)−
(
pi
ηs
)N−1 N∏
i=1
k−1i P (α; ski)
cl≥ 0, (9)
with
∑N
i=1 ki = 1 and s = 1− 2/η, which can be directly
sampled from the zero-count probabilities of the different
detection channels in a multiplexed detection scenario.
Details on this generalization are provided in Appendix
B. This connects the introduced phase-space distribu-
tion inequality approach to general multiplexing detec-
tion schemes—an experimental technique widely used in
quantum optics and technology—and allows for the ver-
ification of nonclassical light in terms of the recorded
zero-count events.
V. DISCUSSION
The derivation of the phase-space distribution inequal-
ities Eqs. (5) and (9) rely on first principles only, as-
suring the universality of the whole approach. Impor-
tantly, these inequalities apply to any bosonic quantum
system and are not limited to radiation fields. The vi-
olation of the inequalities provides a direct certification
of nonclassicality. Furthermore, they connect two dif-
ferent approaches of certifying nonclassicality—through
negativities in phase-space distributions and through the
violation of inequalities for different observables—which
results in an interesting and versatile tool for the charac-
terization of quantum systems. In this context, it is im-
portant to stress that this approach is capable of reveal-
ing nonclassicality even if the involved phase-space distri-
butions are all non-negative, smooth functions (s < −1).
Hence, one can avoid to deal with potentially ill-behaved
distributions, e.g., featuring rapid oscillations or singu-
larities (as can be typically found in quasiprobabilities
with s > 0), while still being able to verify nonclassical-
ity. Furthermore, we remark again that it is sufficient
to find one point in phase space for which the inequal-
ity is violated in order to certify nonclassicality. Con-
sequently, it is not necessary to sample or reconstruct
the involved distributions in the whole phase space to
detect the nonclassical character of the studied system.
The points above illustrate the practicability of the in-
troduced approach.
Equation (5) provides a classical bound on how much
the value of the s-parametrized distributions can vary
with respect to changes in the s-parameter. For exam-
ple, in the special case in Eq. (6), the Wigner function of
any classical state is bounded form below by the square
of the Q function (times a constant). Therefore, the de-
rived inequalities are related to the recently introduced
operator ordering sensitivity [67] which captures the sen-
sitivity of s-parametrized phase-space distributions with
respect to infinitesimal changes in s.
Finally, we want to comment on some possible exten-
sion of the introduced approach. The here obtained in-
equalities can be extended to generalized phase-space dis-
tributions which are obtained via the convolution of the
P function with a general (non-Gaussian) kernel (cf., e.g.,
Ref. [24] for an overview) which, for example, includes
filtered phase-space distributions [68, 69]. An exten-
sion to multimode scenarios and time-dependent systems
[34, 70, 71] is also conceivable. Furthermore, we note
that the derivation of our conditions relies on the prereq-
uisite of the non-negativity of the distribution function.
Therefore, it might be possible to adapt the presented
approach, i.e., the application of Chebyshev’s integral in-
equality, to other kinds of quantumness for which ‘classi-
cal’ reference states form a convex set. This relates to the
resource theory for quantum coherence [72], which is rel-
evant for quantum technologies, and to its corresponding
quasiprobability representation [23].
VI. CONCLUSIONS
We introduced inequality conditions involving different
s-parametrized phase-space functions of a bosonic system
whose violation is a direct indication of nonclassicality of
its quantum state. This approach unites the verification
of nonclassicality in terms of phase-space distributions
and inequality conditions—the two prevalent ways for
revealing nonclassicality of quantum states. The deriva-
tion of the family of inequality conditions is based on the
Chebyshev’s integral inequality and is directly connected
to the definition of nonclassicality. We demonstrated the
usefulness of the nonclassicality conditions by means of
several examples, and we showed that even under poor
circumstances, such as strong losses, nonclassicality can
still be certified. We explicitly showed that the inequal-
ity conditions can be easily applied to and sampled from
5multiplexed correlation measurements, which reveals a
connection between correlation measurements and phase-
space distributions. The presented approach is, however,
not limited to such measurements as it applies to any
scenario in which phase-space distributions can be recon-
structed or sampled. This assures a wide applicability in
may experiments and studies in quantum science.
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Appendix A: Derivation of the phase-space distribution inequalities
1. Chebyshevs integral inequality
For the derivation of our phase-space-distribution inequalities we will make use of the Chebyshev’s integral inequal-
ity; see, e.g., [39]. Therefore, we will briefly state and explain this inequality. Consider two functions f and g which
are integrable and monotone in the same sense on (a, b), and a positive function p which is integrable on the same
interval. Then the Chebyshev’s integral inequality∫ b
a
p(x)f(x)g(x)dx
∫ b
a
p(x)dx ≥
∫ b
a
p(x)f(x)dx
∫ b
a
p(x)g(x)dx, (A1)
holds. In the case that p(x) is a probability distribution on (a, b) the inequality reduces to∫ b
a
p(x)f(x)g(x)dx ≥
∫ b
a
p(x)f(x)dx
∫ b
a
p(x)g(x)dx. (A2)
For deriving our nonclassicality conditions, p(x) will be the displaced and phase-averaged P function of a classical
quantum state and f , g are the normal-ordered expectation values which are related with the s-parametrized phase-
space distributions.
2. Derivation of the inequality conditions
Here, we present the detailed derivation of our phase-space-distribution inequality. We start from the expression of
the s-parametrized phase-space functions [17]
P (α; s) =
2
pi(1− s)
〈
: exp
(
− 2
1− s nˆ(α)
)
:
〉
(A3)
where nˆ(α) = Dˆ(α)aˆ†aˆDˆ(α)† = (aˆ† − α∗)(aˆ− α) is the displaced photon-number operator, Dˆ(α) is the coherent dis-
placement operator, and : . . . : denotes the normal-order prescription; cf., e.g., [38]. We explicitly write this expectation
value of in terms of the Glauber-Sudarshan P function of the input state
P (α; s) =
2
pi(1− s)
∫
d2βP (β) exp
(
− 2
1− s |β − α|
2
)
. (A4)
7In a first step, we substitute γ = β − α, introduce ηs = 2/(1− s), and split the exponential function of the integrand
into two separate functions
P (α; s) =
ηs
pi
∫
d2γP (γ + α) exp
(−kηs|γ|2) exp (−(1− k)ηs|γ|2) , (A5)
with k ∈ (0, 1). We note that the exponential functions in integrand are not dependent on the phase but only on the
amplitude of γ. Therefore, we can change to polar coordinates, γ = r exp(iϕ) and α = rα exp(iϕα), and rearrange
the integral to
P (α; s) =
ηs
pi
∫ ∞
0
drP˜ (r;α) exp
(−kηsr2) exp (−(1− k)ηsr2) , (A6)
with P˜ (r;α) =
∫ 2pi
0
dϕrP
(√
r2 + r2α + 2rrα cos(ϕα − ϕ), ϕ+ arctan2 (rα sin(ϕα − ϕ), r + rα cos(ϕα − ϕ))
)
(A7)
where the function arctan2 is defined as
arctan2(y, x) =

arctan( yx ) if x > 0
arctan( yx ) + pi if x < 0 and y ≥ 0
arctan( yx )− pi if x < 0 and y < 0
+pi2 if x = 0 and y > 0
−pi2 if x = 0 and y < 0
undefined if x = 0 and y = 0
. (A8)
Here, it is important to stress that for any classical state P˜ (r;α) is a probability distribution with respect to the
variable r, i.e., P˜ (r;α) ≥ 0 ∀r and ∫∞
0
drP˜ (r;α) = 1. Now we have everything at hand in order to apply Chebyshevs
integral inequality (A2) to the above integral expression. In particular, by comparing the two equations, we identify r
with k, P˜ (r;α) with p(x), exp
(−kηsr2) with f(x), and exp (−(1− k)ηsr2) with g(x). Applying Eq. (A2) then yields
P (α; s) =
ηs
pi
∫ ∞
0
drP˜ (r;α) exp
(−kηsr2) exp (−(1− k)ηsr2) (A9)
cl≥ ηs
pi
∫ ∞
0
drP˜ (r;α) exp
(−kηsr2) ∫ ∞
0
drP˜ (r;α) exp
(−(1− k)ηsr2) , (A10)
which has to be fulfilled for any classical state, i.e., states with a non-negative P function. By resubstituting and
rearranging the above expression we obtain
P (α; s)
cl≥ ηs
pi
∫
d2β exp
(−kηs|β − α|2)P (β)∫ d2β exp (−(1− k)ηs|β − α|2)P (β). (A11)
If we now recall the definition of the s-parametrized phase-space distributions in Eq. (A3), we arrive at our final
inequality conditions
P (α; s)− pi(1− s)
2(1− k)kP (α; sk)P (α; s(1−k))
cl≥ 0 (A12)
with sk = 1− 2/(kηs) (or sk = 1− (1− s)/k), which is our main result – connecting different s-parametrized phase-
space distributions to each other. Any violation of this inequality is a direct signature of the nonclassicality of the
corresponding quantum state.
Appendix B: Multimode generalization
Here, we generalize the relation between correlation measurements and the introduced phase-space-distribution
inequalities to general multiplexing (MP) scenarios [cf. Fig 5], which is the setting of a usual multiplexed detection
scheme [59–66]. The multiplexing step transforms the input state (1) to an N -mode output state
ρˆout =
∫
d2βP (β)|u1β, . . . , uNβ〉〈u1β, . . . , uNβ|, (B1)
8...MP
FIG. 5. General setup of multiplexed (MP) detection of the displaced quantum state. This scheme generalizes the correlation
measurement in the Fig. 3 a) of the main manuscript to N detection channels.
where the ui are the splitting rations with
∑N
i=1 |ui|2 = 1. The zero-count probability of the displaced state in each
channel is given by pi(α, η|ui|2) = 〈: exp[−η|ui|2nˆ(α)]:〉 with η being the detection efficiency of the detectors. We note
that from each pi we can sample a corresponding s-parametrized phase-space distribution with si = 1 − 2/(η|ui|2)
and the coincident zero-count detection of all channels, p1,...,N (α, η), corresponds to the sampling of a distribution
with s = 1 − 2/η; cf. Eq. (7) in the main manuscript. By applying Chebyshev’s integral inequality [39] N−1 times,
we obtain the multimode zero-count condition
p1,...,N (α, η)−
N∏
i=1
pi(α, η|ui|2)
cl≥ 0. (B2)
It is easy to see that this multimode consideration is not restricted to the consideration of correlation measurements
only, but can be applied to any s-ordered phase-space distribution, which yields the multimode generalization of
Eq. (5)
P (α; s)−
(
pi
ηs
)N−1 N∏
i=1
k−1i P (α; ski)
cl≥ 0, (B3)
with
∑N
i=1 ki = 1 and ki = |ui|2.
